We study the propagation of intense optical beams in layered Kerr media. With appropriate shapes, beams with a power close to the self-focusing threshold are shown to propagate over long distances as quasistationary waveguides in cubic media supporting a periodic nonlinear refractive index.
It is well known that cw laser beams, which have an input power above a critical threshold, self-focus in a nonlinear Kerr medium. 1, 2 This self-focusing results in violent growth of the wave amplitude, which in theory leads to a catastrophic collapse and may damage the materials. The description of this singular phenomenon follows from combination of the Maxwell equations, which involve a refractive index def ined as N n 0 1 n 2 I 1 o͑I 2 ͒, where n 0 and n 2 are the background and nonlinear components and I denotes the beam intensity. The validity of such an expansion requires that n 0 n 2 I ,, n 2 0 2 1, which has been verified for many solid materials and gases, provided that the laser intensity does not exceed moderate values, e.g., I , , 10 15 W͞cm 2 in nitrogen or argon. 3 This expansion no longer holds if I increases so much that saturating contributions of order o͑I 2 ͒ limit the collapse. The resulting equation governing the evolution of the slowly varying envelope of the optical field § is the nonlinear Schrödinger (NLS) equation
where z is the propagation variable, k 0 n 0 v 0 ͞c and v 0 are the wave number and frequency of the laser beam with wavelength l 0 , respectively, and c is the speed of light. The transverse Laplacian describes the diffraction of the wave in the transverse plane, r ͑x 2 1 y 2 ͒ 1͞2 , and F ͑j §j͒ 2 Ӎ n 2 j §j 2 represents the nonlinear response of the medium. Recent studies devoted to dispersion-managed (DM) transmission systems have emphasized that optical solitons can propagate over very large distances through periodic sequences of optical fibers, in which chromatic dispersion is compensated. The optical pulse dynamics is then determined by the combined action of nonlinearity and dispersion, which both vary periodically along z. 5 Although DM solitons are one-dimensional objects undergoing temporal dispersion only, we apply this new concept to two-dimensional beams propagating through a bulk material with a z-varying refractive index, N͑z͒ n 0 1 n 2 n͑z͒ j §j 2 . Unlike one-dimensional beams, which typically alternate between normaland anomalous-dispersion regimes in DM fibers, here two-dimensional beams alternate between two positive values of the Kerr nonlinearity. The function n͑z͒ is chosen to be periodic along z, so that focusing over a given length a, where n͑z͒ ϵ n a 1 1 e, is followed by a defocusing stage over a length b, for which n͑z͒ ϵ n b 1 2 e. For an increment 0 , e , , 1, the condition d lnjn͑z͒j͞dz , , 1͞l 0 holds, which preserves the validity of the envelope approximation and makes ref lections at index gradients negligible. Repeating focusing-defocusing cycles on several periods may thus result in the formation of a quasi-stationary waveguide that is capable of covering considerable distances.
To investigate the propagation of self-focusing beams in layered media we employ the substitutions r ! w 0 r, z ! 4z 0 z, and § ! ͑P cr ͞4pw 
Equation (2) conserves the power integral P R jEj 2 dr, and it can be derived from the Hamiltonian H R dr͓j= Ќ Ej 2 2 n͑z͒ jEj 4 ͞2͔ as well as from the action functional
In a homogeneous Kerr medium with n͑z͒ 1, collapse occurs whenever H is negative, and a necessary condition for promoting collapse is that the incident OPTICS LETTERS / Vol. 25, No. 14 / July 15, 2000 wave power must be above a critical value, i.e., P . P c . 2 Here, P c Ӎ 11.68 denotes the power of the ground state g 0 , which is the stationary solution to Eq. (2), given by E͑r, z͒ g 0 ͑r͒exp͑iz͒, and satisf ies 2g 0 1 D Ќ g 0 1 g 3 0 0. The inf luence of an inhomogeneity ͓n͑z͒ fi 1͔ can be analyzed with the help of a variational approach similar to that described in Ref. 5 . We model a localized beam in terms of its amplitude, characteristic radius, and chirp, using the transformation
Assuming that the localized function Q behaves self-similarly along z, i.e., Q Q͑j͒ with j ϵ r͞R͑z͒, we substitute Eq. (4) into Eq. (3) and minimize S with respect to the radius R͑z͒ and chirp M͑z͒. We obtain dR͞dz 4M and
where the constants C 1 and C 2 are def ined by
Equation (5) (5) with the periodic boundary conditions R͑a 1 b͒ R͑0͒ and R z ͑a 1 b͒ R z ͑0͒. In the case of a stepwise dependence of n͑z͒ (n a 1 1 e, n b 1 2 e), periodically guiding light channels can be modeled as follows: If we start with a focusing stage, f ͑z͒ in Eq. (5) must be negative in the f irst propagation interval; i.e., f ͑z͒ 2f a for 0 , z , a, whereas f ͑z͒ f b must be positive in the next defocusing range, a , z , a 1 b, with positive constants f a, b . This requirement implies the constraint C 1 ͞n a , C 2 , C 1 ͞n b . We then integrate the periodic boundary-value problem (5) to obtain
where a ϵ 4f a, b ͞R 2 max, min and z max ͑z min ͒ denotes the longitudinal coordinate at which R͑z͒ is maximum (minimum) along the segment with index n a ͑n b ͒. The quantities R max , R min , and R 0 R͑0͒ are easily determined from the conditions of periodicity and from the continuity relation R To identify the input beam that produces a self-guided structure we proceed in two steps: First, we argue on the variational method for approximating a suitable beam shape that satisf ies the above periodicity constraints. Second, we perform numerical integrations of Eq. (2) to refine the beam shape and test its robustness over several periods of the layered material. To drive the beam through rather fast oscillations we space the cells periodically, with an index change 2e being small, and their lengths satisfy a b , , 1.
In the first step the variational model [Eq. (5)] is used as a preliminary approach to finding suitable candidates for E͑r, z 0͒. For this purpose it is necessary to fix the shape of the test function entering the trial solution [Eq. (4)]. Since Eq. (2) can be viewed as a periodically perturbed NLS equation ͑e , , 1͒, it seems natural to consider functions close to the elementary solutions of the unperturbed NLS equation. Therefore, to reach states with critical powers equal to the minimum power for collapse, P c 11.68, we may opt for incident beams whose shape Q fits the ground-state solution with Q͑j͒ Ag 0 ͑j͒. In this case, we f ind C 1 0.8457 and C 2 C 1 P ͞P c . As a beam that self-focuses with P . . P c evacuates power through radiation by relaxing to the ground state, 7 limiting these radiative losses requires us to choose A ϳ 1. For technical convenience, and because a self-guided beam may a priori depart from g 0 ͑j͒ in the perturbed problem, a second alternative is to use sech-shaped pulses with Q͑j͒ A sech͑j͒, which leads to C 1 0.2939 and C 2 C 1 P ͞11.726 with a critical power 11.726 close to P c . 8 We performed numerical integrations of Eq. (2) with E͑r, 0͒ A sech͑Br͒ over one period ͑a 1 b͒ under the constraint that a b. By minimizing the difference in peak intensities and radial extensions between the input and output beams after one period, we identif ied the pulse keeping its shape the same. For the values e 0.1 and a b 0.1, we found E͑r, 0͒ Ӎ p 2.6869 sech͑r͒, whose shape and power, P Ӎ 11.7, are almost equal to those of g 0 ͑r͒. We then made the latter solution cover several periods from numerical integrations of Eq. (5) with periodicity R͑0͒ R͑a 1 b͒. The result is plotted as a thin curve in inset (b) of Fig. 1 ; it shows that the ground-state mode is a good candidate for generating self-guided beams.
In the second step, for long propagation the beam must be more suitably adapted as a solution to Eq. (2), which involves rapid periodic changes in the refractive index. Indeed, the previous procedure suffers classical limitations, e.g., assumption of an exactly self-similar, single-humped prof ile. This model describes only the dynamics of the beam core and disregards that of the peripheral tail. 5 Thus an optimal self-guided pulse may differ slightly from g 0 , which solves the basic NLS equation with n͑z͒ ϵ 1. The key point here is to anticipate the slow oscillations in the peak power that originate from several crossings of the beam through successive cells on long scales ͓.. ͑a 1 b͔͒. Over a large number of periods, it is indeed necessary to minimize these slow variations, which are usually overcome through enhancement of the incident peak intensity in DM materials. 5 In the present context we employed the forced relaxation method 9 to determine this optimal input beam. As the solution evolves on long scales between two power values, P min and P max , this method numerically estimates the beam profile that optimizes the propagation by iteratively averaging the two f ields, which correspond to these extreme power values. In this way, the optimal beam is found to be given by a function with amplitude A Ӎ p 3 and power near critical. This function is close to the ground state g 0 but differs from it by at most 10% in amplitude in the earlier stages of propagation. However, this function provides a reliable input beam, in the sense that the resulting solution preserves the averaged wave power while it rapidly oscillates over many periods. We refer to this best incident beam as the quasi-periodic (QP) solution. Figure 1 summarizes the results obtained from the numerical solutions of Eq. (2) over a large number of periods. Whereas a homogeneous medium promotes only beam spreading or collapse, a layered medium enables the pulse produced by the QP solution to cover distances larger than 40 units, which corresponds to 200 periods in the variation of n͑z͒. Very small oscillations in amplitude and width originate from the periodic variations in the refractive index. Consequently the beam behaves as a quasi-stationary nonlinear waveguide. Figure 1 also shows the evolution of the peak intensity when the incident pulse is shaped on g 0 . Although the resulting beam approaches and turns around the state attained with the QP solution, it does not guarantee the same efficient guiding over large distances. Note that the result inferred from the variational method applied to a ground-state test function exhibits, in contrast, very good agreement with the evolution of the QP beam and a perfectly periodic motion in the intensity profile [see inset (b) of Fig. 1 ]. These discrepancies underline the natural limitations of the variational approach. We also observed that the waveguide found for e 0.1 and a 0.1 is robust for small (up to 25%) relative variations in e and a, but it decays into spreading structures for larger values and into collapsing structures for smaller ones.
In conclusion, we have shown that two-dimensional Kerr media that are periodically divided into focusingdefocusing cells are able to maintain a quasi-stable propagation of cw beams with powers near critical. The total distance of propagation here exceeds 40 units; it corresponds to 160 Rayleigh lengths in physical units, which cannot be reached with a robust beam in homogeneous materials. This property can be used for guiding light through successive cells with a suitably tuned Kerr response. For instance, CS 2 liquids or rubidium vapors, 10 which promote a high cubic response, could be distributed in periodic equal cells at, e.g., different pressures, with n 2 adjusted appropriately. We can thus expect to guide high-power beams while maintaining their amplitude at levels for which saturating nonlinearities and higher-order dispersive effects will be of negligible inf luence on their propagation.
